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We calculate the Noether currents and charges for
Einstein-Maxwell theory using a version of the Wald ap-
proach. In spherical symmetry, the choice of time can be
taken as the Kodama vector. For the static case, the result-
ing combined Einstein-Maxwell charge is just the mass of the
black hole. Using either a classically defined entropy or the
Iyer-Wald selection rules, the entropy is found to be just a
quarter of the area of the trapping horizon. We propose iden-
tifying the combined Noether charge as an energy associated
with the Kodama time. For the extremal black hole case, we
discuss the problem of Wald’s rescaling of the surface gravity
to define the entropy.
It is widely excepted that black holes have entropy.
However, without a full quantum theory of gravity, the
statistical origin of this entropy is still unclear. On a
classical and semi-classical level there have been many
proposals discussing where this entropy comes from and
ways of calculating it: spin structures, entanglements,
edge states, etc. In particular interest for this paper is the
Noether current calculation of Wald and Iyer [1]- [3]. The
question becomes one of how do we test these proposals
with our current level of understanding of gravity and
quantum gravity? To date most of these calculations
have been done in static or in some sense quasi-static
cases [4]. However, such cases may not reflect the general
nature of the black hole. What is needed is further test
cases, in particular dynamical test cases.
In this regards, spherically symmetric space-times pro-
vides us with a suitable dynamical testing ground. In the
spherically symmetric case, while remaining dynamical,
we can identify certain features defined in static cases.
The time-like Killing vector that is identified as time in
the static case can be replaced with the Kodama vector,
k = ⋆dr where r =
√
A/4π is the areal radius and ⋆ is
the Hodge operator of the 2D normal space [5]. In ad-
dition, a local active gravitational energy can be defined
by the Misner-Sharp energy [6],
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E =
r
2
(1 − dr · dr) (1)
For dynamical space-times, a locally defined horizon and
the global event horizon are generally not the same.
Therefore, we must choose a suitable definition of the
outer surface of the black hole. In the spherically sym-
metric setting, the outer surface of the black hole is pro-
posed to be the trapping horizon defined by∇r being null
everywhere on the horizon [5]. In such a case, the energy
on the trapping horizon E is just half the areal radius, a
natural generalization of the Schwarzschild radius.
Identifying these properties of the black-hole space-
time, it is possible to study the thermodynamics in a
classical setting. The equations of motion can be shown
to give an energy balance equation [5],
∇E = Aψ + w∇V (2)
where ψ is a localization of the Bondi energy flux, w is
an energy density and V = 4
3
πr3 is the areal volume.
Looking more closely, we can identify the second term on
the right-hand side as a work term. The first term on
the right-hand side is an energy supply. This term, again
using the equations of motion, can then be written as
Aψ =
κ∇A
8π
+ r∇
(
E
r
)
, (3)
where the dynamical surface gravity is defined as for sta-
tionary surface gravity by replacing the Killing vector
with the Kodama vector [5], yielding κ = ⋆dk/2. The
last term vanishes when projected along a trapping hori-
zon. If κ/2π is the temperature on the trapping horizon,
then the entropy is given by the area of the trapping
horizon as A/4.
So, in a spherically symmetric system, we can iden-
tify the state variables of the model. The kinematical
quantities are given by the areal radius and dynamical
time (r, k). The gravitational and matter quantities are
(E, κ) and (w,ψ) respectively. Normally because there is
no preferred time, such quantities are difficult to define.
In this testing ground, we would like to look at the
Noether current calculations of Wald and Iyer in more
detail. In general, gravitational theories are defined
from diffeomorphism invariant actions, specified by a La-
grangian n-form L[φ], where φ denotes the dynamical
fields including the space-time metric. For every such
1
Lagrangian, there is an associated conserved current and
charge, as follows, simplifying Wald’s method by consid-
ering only perturbations δ which are Lie derivatives Lξ
along a vector ξ, which is the local generator of the dif-
feomorphisms. Then
δL = ∗Φ ◦ δφ+ dΘ (4)
defines the boundary (n − 1)-form Θ[φ, ξ], where ∗ is
the space-time Hodge operator. The bulk term Φ, which
gives the equations of motion, has tensorial indices dual
to φ, with ◦ denoting contraction of all indices. This
leads to a current (n− 1)-form
J = Θ− ξ · L. (5)
Then the identity
LξΛ = ξ · dΛ + d(ξ · Λ) (6)
implies
dJ = −∗Φ ◦ Lξφ (7)
which vanishes when the equations of motion hold, Φ = 0.
On shell J is closed, and
J = dQ (8)
defines a conserved charge (n− 2)-form Q, up to various
gauge freedom.
Originally for the Einstein action, Iyer and Wald [2]
found that integrating the charge associated with the
Killing time, after rescaling the surface gravity to one
over the bifurcation surface, gave the known entropy of
the static black hole. In the spherical setting, we can re-
place the Killing time with the Kodama vector as the dif-
feomorphism generator in the time direction. Integrating
the charge from the Einstein action LE = ∗R/16π over a
section of the trapping horizon instead of the bifurcation
surface, we get the same form [7]
∮
QE =
Aκ
8π
. (9)
In the static case when k commutes with dr the Ko-
dama vector reduces to the Killing time [5], recovering
the Wald-Iyer result; an entropy that is just the area of
the horizon. However, we have now moved off the bifur-
cation surface to the locally defined trapping horizon.1
In general, κ is dynamical, the surface temperature of
the black hole varying with time as the black hole area
changes, so such rescaling of the charge seems somewhat
artificial, as pointed out in [7]. So the question that then
comes to mind is: what is this conserved current and
1Note that in Jacobson et al. [8] showed that any section of
a Killing horizon is equivalent to the bifurcation surface.
charge? To get a broader look at this question, we should
add matter fields to that action. So, let us consider the
case that the matter fields are given by the Maxwell elec-
tromagnetic action,
LM [g,A] = −
1
16π
∗ F : F, (10)
where the 1-form A is the electromagnetic potential, F =
2dA and : is the trace of the dot product. Then we find
δLM = ∗(T : δg/2 + Ψ · δA) + dΘ, (11)
where
T = −(F · F + (F : F )g/4)/4π (12)
Ψ = ∗d∗F/4π (13)
Θ = −δ(∗A · F )/8π. (14)
The resulting Noether current is
JM = dQM − ξ · ∗(Ψ ·A)/2, (15)
where the associated charge is
QM = −
1
8π
ξ · ∗(A · F ). (16)
Note that this method differs from that of Wald in that
it has not been necessary to express Θ explicitly as a
function of (φ, δφ), thereby saving calculation. The cal-
culation also uses the fact that d and Lξ commute. Note:
this charge is dependent on the gauge choice of the EM
fields, which is related to the Aharonov-Bohm effect.
We propose defining the energy of a field as twice the
charge Q integrated over an (n− 2)-dimensional surface.
For the Reissner-Nordstro¨m case, with the natural gauge
choiceA = −e dt/r, this gives the electromagnetic energy
EM =
∮
2QM =
e2
r
(17)
Combining this with the twice the Noether charge from
the Einstein gravitational action (9),
EE =
∮
2QE =
Aκ
4π
, (18)
gives a combined energy charge,
E = EE + EM = m, (19)
that is just the mass of the black hole.
In [9], the question of the physical meaning of the to-
tal Noether current is brought up. The charge normally
associated with transformations along a time direction is
of course the energy. Although further cases need to be
studied, in the Schwarzschild case and now the Reissner-
Nordstro¨m case, the total Noether charge is indeed the
energy at the boundary.
2
Another point about the Noether currents is that be-
cause the symplectic potential and the charge are only
defined up to total derivatives, it is possible to change
the charge by adding various surface terms. Iyer and
Wald have proposed methods for choosing which terms
should lead to the entropy [3], which does give the right
entropy in the Reissner-Nordstro¨m case after rescaling
the surface gravity. However, it seems easier to under-
stand the freedom of the choice of the symplectic poten-
tial if the Noether charge is viewed as an energy. The
changes in the current are analogous to Legendre trans-
formations in thermodynamics which result in different
energies such as the Gibb’s free energy. So with Iyer and
Wald’s selection rule [3], the gravitational entropy seems
to be singled out such that it occurs with only the surface
gravity appearing in front of it.
In the above calculations, it is assumed that the space-
time is the normal black hole space-time resulting from
e2 < m2. In the case that e2 > m2, there is no trapping
horizon and no other inner boundary other than the sin-
gularity at r = 0. In the extremal case e2 = m2, the
inner and outer trapping horizons coincide and become
degenerate. Using standard null coordinates [10],
ds2 = −
(
(r −m)2
r2
)
dx+dx− + r2dΩ2 (20)
where the areal radius is defined indirectly by
1
2
(x+ − x−) = r + 2m log(r −m)−
2m2
r −m
(21)
it is easy to see that r = m is a still a well defined
trapping horizon. However, the surface gravity is pro-
portional to the difference between the inner and outer
trapping horizon radius, κ ∝ (r+−r−), and is zero in the
extremal case. In Wald’s definition, the surface gravity
must be rescaled to unity in order to define the entropy.
In the extremal case, because the surface gravity is zero,
it is not possible to do this rescaling, resulting in an ill-
defined entropy. Using the classical first law (3), it would
still seem that the entropy is just the area of the trapping
horizon over 4. However, using Nernst’s theorem: if the
temperature (the surface gravity) vanishes then the sys-
tem settles in its ground state and the entropy vanishes.
The system being in some sort ground state makes sense
because the Einstein energy vanishes, EE = 0. The prob-
lem of the entropy of the extremal case has been discussed
in various papers, for example [11]. However without a
quantum-statistical model for the entropy, this problem
cannot be resolved.
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